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This paper considers the development of an estimation theory for mixed measurement sets. The measurement
sets include both doubly stochastic Poisson process observables and additive noise observables. The estimation
theory is presented in detail. The mixed observable estimation theory is applied to the problem of estimating the
random thrust errors of a solar electric vehicle, where the effective thrust vector produced by the electric
propulsion system is not equal to the desired thrust because of angle and magnitude errors in thrust, due to
attitude deadband control errors and otlier error random sources. The random errors are modeled by ap-

~ propriate models. The measurements consist of a Doppler measurement of the additive white noise type, and
two photon counting star-tracker measurements with realistic noise fundamental limits associated with the

hardware implementation.

1. Introduction

HE solar electric propulsion spacecraft is driven by an

electric engine which obtains its power from solar energy
conversion devices. The effective thrust vector produced by
the electric propulsion system is not equal to the desired thrust
for a variety of reasons. The angle and magnitude errors in
thrust are due to attitude deadband control errors; other error
sources are random in nature. Eller! and Tapley and Hagar 2
treat the problem of estimating the random thrust given
Doppler and star-tracker measurements. Both measurements
are assumed to be of the additive white noise type. It is the
intent of this paper to treat the estimation of the random
thrusts by again using a Doppler measurement of the additive
white noise type, but with two star-tracker measurements with
realistic noise fundamental limits associated with the hard-
ware implementation. In particular, the fundamental limits
are associated with the photon counting nature of the star
tracker used. The measurement set is, therefore, a mixed
observable of both an additive white noise measurement and a
doubly stochastic Poisson process measurement. Estimation
theory of this type has been studied elegantly using the
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Martingale theory by Vaca and Snyder.** The estimation
equations for this-type of measurement set are derived in-
dependently in a much simpler and more easily understood
method. In particular, the differential equation for the
evolution of the probability density function conditioned on
the additive noise and the doubly stochastic Poisson process
measurements is derived similarly to Kushner.” The adaptive
estimation equations, which are not treated by Vaca and
Snyder, are derived by use of the smoothing property of
expectations in a manner similar to that of Asher and
Lainiotis. > Moment approximations to the exact conditional
mean estimator are used to obtain an extended form of the
estimator for implementation. These equations are applied to
the problem of estimating the random thrust errors of the
solar electric vehicle, with two star trackers yielding photon
count measurements and the Doppler white noise
measurement. The bandwidth of the random thrust errors is
assumed uncertain, and the adaptive estimation scheme
derived as well. ‘

The modeling of the star trackers includes a photon
counting process based upon a quad cell photon counter. The
star tracker works off a null position and continually
monitors the photon imbalance on the quad cell due to the
Airy disk shifting associated with the vehicle attitude
changing relative to the star. This yields a doubly stochastic
Poisson process in which the vehicle attitude changes are
assumed to cause a correlated disturbance in the angle of
arrival relative to the vehicle. This is coupled into the thrust
errors and the thrust error states modulate the intensity rate of
the Poisson counting processes. The complete theory is
derived and estimator equations set up.

Investigators have concluded that stochastic non-
gravitational accelerations resulting from random variations
in the thrust vector are the dominant error source for
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navigation of solar electric propulsion spacecraft (SEP) in-
terplanetary missions. '° The SEP spacecraft obtains its power
from solar energy conversion devices. The effective thrust
vector produced by the SEP system is not equal to the desired
thrust for a variety of reasons. The angle and magnitude
errors in thrust are random in nature and are due to a variety
of sources. For the purpose of this study, the errors are
assumed to be due to attitude control deadband errors.

If, on the basis of measurements, these random thrust
errors can be estimated accurately, then the entire state vector
of the spacecraft can be estimated and its orbit successfully
determined.

References 1-3 treat the problem of estimating the SEP
thrust errors through the use of dynamic model compensation
techniques,!' given conventional Doppler and star-tracker
measurements that are assumed to be of the additive white
noise type. The same basic approach is used here with the
exception of the assumed mechanization of the star tracker.

The star trackers used in this paper are assumed to be in a
photon counting mode. The photon counting mode yields the
fundamental limits of accuracy for the star tracker. Since the
basic measurements from the star trackers are quantum
photoevents, it is necessary to model the basic physical
elements of the measurements. Reference 9 gives detailed

results on photon counting statistics. Basically, the process

may be described as a doubly stochastic Poisson process. That
is, given the intensity rate, the process is Poisson with the
probability of » counts in the time interval {0,¢] as

PNy, =nIN(t)}= [(S; )xda)n exp(— 3‘; )\do)]/n/

However, the intensity rate A\ is a function of a stochastic
process, i.e., A=A{x(7) } where x(¢) is a stochastic process. It
is' possible to estimate the stochastic process x(¢) from
measurements of the photoevents. This theory is called
estimation of doubly stochastic Poisson processes.

In this paper, it will be shown that the intensity rate models
for the star trackers are functions of the thrust errors. Thus,
the photoevents on the detectors are measurements of these
stochastic processes. Therefore, this part of the process is a
doubly stochastic Poisson process. However, because the
range-rate measurements are of the additive white noise type,
the combination of this measurement with photon counting
gives us a mixed observable estimation process. The mixed
observable problem is that of using both doubly stochastic
Poisson process measurements and additive - white noise
measurements together in the same process. Thus, we have the
problem of estimating the position, velocity, thrust error, and
auxiliary states on the basis of mixed observables. The theory
for this type of estimation has been solved independently
from that of Refs. 4-6, and is a much simpler proof. The
theory is given for this type of process and is applied to the
optimal estimation of the solar electric propulsion spacecraft
states. ‘

The paper is divided into five sections. Section II gives a
detailed problem statement. Section III contains the
development of the state and measurement equations to be
used. Section IV contains the estimator equations, and Sec. V
contains concluding remarks. The appendices contain the
development of the estimation equations and the calculation
of partial derivatives of the observation-state relationships.

II. Problem Statement
The scenario used to illustrate the application of estimation
based on mixed observables is the problem treated in detail in
Refs. 1-3. The problem is to estimate the trajectory of a
continuous low-thrust, solar-electric propulsion spacecraft
subject to time-correlated errors in thrust acceleration. The

nominal 5-month mission is from heliocentric injection near,

the Earth’s sphere of influence to a fly-by of the Asteroid
Eros at 1.45 a.u.

J. GUIDANCE AND CONTROL

If we assume that the spacecraft motion is due solely to the
two-body central force attraction of solar gravity and the
thrust acceleration of the body-fixed propulsion system, then
the vector equation of translational motion of the point mass
vehicle is

F=—(u/Ir13)r+T 1)

where r is a 3-vector of heliocentric-ecliptic position com-
ponents X, Y, Z; 7 is the second derivative of r with respect to
time; u is the gravitational parameter of the sun; Irl is the
magnitude of r; and T is the heliocentric thrust vector. T is
composed of both the nominal thrust acceleration 7* and
thrust acceleration errors from a number of sources, but
principally from vehicle attitude errors. The actual thrust
acceleration vector is referenced to a nominal thrust vector
which we assume to be of constant magnitude and along the y
axis of the orbital coordinate frame. The actual thrust vector
may be expressed in the various frames of reference shown in
Figs. 1 and 2.
In the heliocentric frame

Ty cosy —siny O T,
T= Ty =| siny cosy O Ty 2)
Ty 0 0 1 T,

where ¢ is heliocentric right ascension. In the orbital frame,

T, sinycosf
T, =qa cosy 3)
T, sinvysinf
where
a=a*+da “

where ¢* is the magnitude of the nominal thrust acceleration
and éa is the error in magnitude. 6 and v are clock and cone
angles that represent vehicle attitude errors which are the
source of the random thrust direction errors.

Coordinates x, y, and z express the orbital coordinate frame
oriented such that x and y are parallel to the ecliptic, z is along
Z, and y is perpendicular to the heliocentric position vector of
the vehicle. The thrust vector is assumed to be fixed in a
vehicle coordinate frame x’, y’, z’ nominally aligned with the
orbital frame.

Observations
Range Rate

Range rate, the relative motion of the vehicle along the line
of sight from the tracking station to the vehicle, may be ex-
pressed in equation form as

p=1{(p"p)/o ®

where 5 and § are the position and velocity, respectively, of
the vehicle relative to the tracking station, and the scalar p is
the magnitude of . The motion of the tracking station is due
to both rotation and orbital revolution of the Earth. The
range-rate observation is assumed to consist of a deterministic
value plus zero-mean, normally distributed random error »
with statistics Ef{»;]1=0 and Elvy;] =¢g%,;, where é is the
Kronecker delta.

ijs

Star Trackers

Vehicle attitude deviations from the nominal orientation
cause the body-fixed photon counting star trackers to sense
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HELIOCENTRIC
FRAME

Fig.1 Reference frames.

star direction errors. Since both the thrust vector and star
trackers are assumed fixed relative to the vehicle, the star
trackers directly measure the thrust vector direction errors. As
the vehicle rotates, each quadrant of the star tracker will yield
a photoevent count proportional to the angle of rotation. It is
tacitly assumed that all rotations are small. Figure 3 shows the
optical schematic of a star tracker. Figure 2 shows star tracker
orientation relative to the body coordinate frame.

Since the star trackers yield count measurements which are
Poisson processes given the intensity rate, the estimation
theory must be based on the doubly stochastic Poisson process
nature of the measurements. Furthermore, since the
measurements are mixed in that they include the Doppler
measurements of the additive noise type, it is necessary to
derive an estimation theory that includes both types of
measurements. In this problem, it is necessary to estimate the
state of the process.

dx (1) =flx, (1),1]dr+ G (1) dB{?) 6

where x is an n vector and d8 is an m vector of independent
Wiener processes with E{d8(#)dB7(r)]=0Q(¢)dr given the
measurements

dy(2) =h[x(t),t]1dr +dy(1) )

where y is a g vector, dn is a vector of independent Wiener
processes with E{dn(£)dy 7 (¢) } =R (r)dt, and measurements
consisting of the sequence of g, vector of counts N, ={N{(o),
tyso=<t} with each element N; obtained from a doubly
stochastic Poisson process

P AN, -N_=nl\[x(a)], s<o=t}

=(n!)—I(S:)\,[x(a)]da)"exp(—S:)\,-[x(a)]da) ®)

where N; =N is the total number of counts for the ith
element 1n the interval [s,¢t]. The extended estimation
equations for this process are given in Sec. IV and are
developed in Appendix A.

III. Filter State and Measurement Equations
In accordance with the Dynamic Model Compensation
(DMC) technique,!' we assume that the thrust acceleration
error, and thus by inference, vehicle attitude error, can be
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/ Orbital Frame xyz
Body Frame x'y'z'

Fig.2a Body frames, orbital.

! Body Frame x'y'z'
Star Tracker Frame X,y z;

Fig.2b Star-tracker frames, body.

separated into modeled and error components T=T+m(t),
where m(t) is a 3-vector of thrust acceleration error com-
ponents. 3 ‘

In the filter states, we model the thrust errors m(¢) by
Re(t), where R is a coordinate transformation matrix and
€ (t) satisfies a first-order differential equation. The elements
of €e(t) are the three orthogonal components of the ac-
celeration error in the orbital reference frame. Any unknown
parameters in the differential equations which describe e(7)
are also part of the state vector and are estimated along with
position, velocity, and acceleration.

The filter dynamical model generally may be expressed as

x=F{(x,1) x(ty) =X, 9

The specific equations in this vector are

Fo=v
b =— L r TP Re
Irl3
é =—aet+ U,
& =U, (10)

where « is a diagonal matrix and U, and U, are random with
the same statistics:
E{Ul=0 E[UMU(r) ] =q(1)d(t—7)

where & is the Kronecker delta.
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The measurements used with this model are range rate from
Earth and star tracker angles previously discussed.

As depicted in Fig. 3, the star trackers basically consist of
optics that focus starlight from the navigation star onto a
quad cell arrangement of photon counters. Since it is assumed
that the vehicle will undergo only small angle motions about
the star-tracker coordinate frame, the field of view is limited
such that the navigation star is the dominant point light
source. A threshold could be set to assure this fact. If the

tracker is not pointing directly at the star because of off-

nominal vehicle attitude, an Airy disk will be centered at a
different position on the quad cell located at the focal plane of
the optics. The imbalance of light intensity on the quad
detector yields an imbalance of photoemissions from each
side of the detector. The mean value for the rate of
photoemissions for each part of the quad cell may be com-
puted from the star intensity and the quantum efficiency of
the detector. Because the photoemission is a Poisson process
given the intensity rate, the counting events corresponding to
a photoemission is a doubly stochastic Poisson process. The
counts on each side of the quad cell are such that the mean
value of the rate of photoemissions is directly proportional to
the off-nominal pointing of the star trackers and thus
proportional to vehicle attitude error —the source of thrust
direction error. Since it is assumed that the thrust vector is
fixed to the vehicle body, the sensed misalignment angles will
be the same angles as the thrust misalignment relative to the
orbital frame. Thus, the intensity rate models for each star
tracker are functions of the misalignment angles and therefore
are direct functions of the thrust direction. Hence, we express
each star-tracker quad cell arrangement in terms of the in-
tensity rates of photoemission.

Let n be the quantum efficiency, A the area of each quad of
the quad cell, # Planck’s constant, and » the mean optical
frequency. Then, from energy balance arguments and
assuming small angles, the intensity rate on sides 1, 2, 3, and 4
of star tracker / may be written as

Al o
200 (1+C07 +COY +CO65)

N=

xg:”z’% (714+coi-co,—coip,)

xg:"zl;" (1-C8i +Co,—Coi85)

xg:’{”% (1—Coi—Co,+Coi6%) an

For small angles, the last term in each equation may be
eliminated. The constant C represents a sensitivity factor
which is a function of, among others, the optical focal length.
It is assumed to be known a priori. These equations represent
a mean value for the photoemission process in terms of
misalignment angles, 6% and 05, measured from the star
tracker z axis, which nominally points at the star. These
angles due to vehicle attitude motion may be written as

i —qin-! b7,
6 =sin {‘/(way)z+(T§rx)2} (12)
I —qin ~! iSTy
8} =sin {\/(Tgry)2+(T§Ty)2} (13)

where T is the heliocentric thrust vector expressed in the ith
star tracker frame by

Tsr=R,(B)R; ()R, (VR (OR; (V)T (14)

where R;(Y¥) is a transformation matrix representing a
rotation about the third axis of a coordinate frame through an
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Fig.3 Optical schematic of star tracker.

angle y; ¥, 0, and  are shown in Fig. 1, o; and ; are shown in
Fig. 2. Since total thrust, 7, just used, consists of the
nominal, 7%, plus the errors, m(¢), the star tracker
photoemission counts directly contain information about
thrust direction errors. These count measurements then, along
with the range-rate measurement, comprise the basic
measurement set. The next section gives the estimation
equations for this problem.

IV. Estimation Equations

This section contains the theory for the development of the
estimation equations for the solar electric propulsion
spacecraft problem. The first result is the differential
equation for the measurement conditional probability density
function.. Next is a general equation for moment evolution.
This is followed by the general conditional mean estimator
and by an extended moment approximates to yield an im-
plementable estimator.

Theorem 1: Differential Equation for the Conditional Probability
Density Function with Mixed Observables

Let the system under consideration be that of Eq. (1) with
the same assumptions and measurement subsystems. Then the
partial integral differential equation for the conditional
density function P[x(¢) IF,] where F, is the minimum o
algebra induced by the two measurement subsystems is given
as

dP[x(?) IF,] =LP[x(?) |F,]dt+ [hix(2),t]
—hx(6),e]1TR() ! [dy(t) —h[x(2),t]1dt]1P[x(¢) IF,]
+{f} [N Lx (), 6] = A L (), 011K, L (0), 1]
i=1
- [dN; —’X,- [x(2),t]1de}PIx(¢) IF,]} (15)
where
Rlx (1), 61 =EF [Alx(5,1]]

and

Ax(1),t] =EF [N[x(¢),£1]
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with

Px(ty) |Fol =P[x(ty)]

where L is the diffusion operator, i.e.,

L= Y20 138 821-(GOGT) )
inr Ox; 2% dx; dx,
Proof

Appendix A contains the development of this theorem.

It may be seen that the differential equation for the con-
ditional density function contains two measurement terms.
The first corresponds to the case when only measurements
with additive noise are available. The second corresponds to
the case when only counting measurements are available. The
reason for this additive feature is the conditional in-
dependence of the measurements. If other measurement
subsystems with different types of measurements were added,
then as long as they were conditionally independent, the
measurement term as appears in the probability density
differential equation when only one of the measurements was
available, may be added to the diffusion operator to form the
necessary differential equation.

Theorem 2: Evolution of Moments

Let ¢[x(¢)] be a twice continuously differentiable scalar
function of the n vector x, which is the solution of Eq. (9).
Then the differential equation for the F, conditional ex-
pectation of ¢, Eft [¢[x(£)]] is given as

dEF [¢[x (1) 11 =EFt {, [x(£) ] Tf1x(£),1] }dt
+1/2EFc {trGx(#),1]1 Q1) G [x(1),t] T [x(£) ] }dt
H{EF [¢lx (D) ]n[x(0), 011 —EF1 [¢[x(1)]]
EFt [h[x(0),t}1)TR(#) ~"[dy () —EFi [h[x(¢),¢)]dr]
g .
+ 2 (LEF [¢[x () IN [x(2),0]] —EFt [¢[x(#) 1]
i+
EF [N Ix(0), 6] 13EF (N [x (), 011
-[dN; = EFt [N [x(0),111d¢] ) (16)

where ¢, and ¢,, denote first and second derivatives of ¢ with
respect to x.

Proof

The proof may be easily established by use of Theorem 1.

This theorem allows the development of all moments for
the mixed observable problem. The next theorem yields the
necessary estimation structure for the conditional mean
estimator.

Theorem 3: Conditional Mean Estimator Structure
Given the system and measurement subsystems as

previously defined, the equation for the conditional mean
estimator is
dX(2)y =EF [flx(¢),t) 1At +EF: { [x(¢)

=X h[x(0),t]TIR () ~1 [dy (1)

—Eft [h[x(2),t}1ds]

q
+ 2 (EF [(x(2) =X (£))N; [x(6),1]]

i=1

-EFC [N Ix(@),61] T IAN; = EFC [N [x(6),611de] ) (17)
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where X is the F,-conditional mean and where the covariance
of the estimation error is given as

dP(#) = (EF {(x(£) = %)) fx ()11 T}

+EF{flx(0).8] (x(8) = %(£)) T}
+EFH{Gx(D),11Q() G x(1),1] T} }ds

+EF{ (x(0) ~2(1)) (x (1) =X(D)) T (h[x(2),1]

~Ef [hx (0,11 TY [dy (1) —EFe [hx(2),1] 1dt]

~EF [ (x(6) =2(0))h[x(£),0] TIR ' EFt [h[x(2),1] (x(2)

q
—x(r)) Tlde+ z:EF' J(x(0) =% () (x(1)

i=]
=2(0) TN [x (), ] —EF [N [x(0),011) )

EFt [N [x(8),2]] 7' [AN; —EFr [N [x(2),¢]) 1de]
q

- Z: EFft [(x(r) =X(0))N [x (1), 01 1EF [N [x(2),2) (x(2)
i=1

—x(t)) TIEF [N [x(0),£]] ~2dN, (13)

Proof

The proof is not shown as it may be easﬂy established.

The following assumptions will be used to find an ap-
proximate estimation structure. First, it will be assumed that
the estimate is to be unbiased. It will be assumed that fourth-
order moments of the estimation error can be factored into
products of second-order moments similar to Gaussian
moments. It will be assumed that all remaining moments of
the estimation error other than the second may be eliminated.
With these assumptions, the approximate estimation structure
may be written as

df(t)=f[)?(t),t]dt+P(t)g—z | R~ 1av e
. O\; .
—h[R(1),00dr] + Y, {P(t)—a— |A(>\,-[x(t),t] } =1 [dN,
i=1 x X

—)\i[)?(t),t]dt]} 19)

and the approximate estimation error covariance is given as

i
dP(z)-[P(t)—| 2| po+emencn’

3N ohT dh
- L P52 PO -P() — L?R(t) e LP(t)]dt

(20

where X; is a vector of zeros with a one in the ith row.

These results were first derived in Ref. 4-6 but by an elegant
method using Martingales. Appendix A contains a much
simpler and independent derivation.

The use of the state and measurement equations in Sec. 111
and the development of the extended filter in Eqgs. (19) and
(20) allow us to write the estimator as

r ] 0

5 - £ F+Re '
r F +

é —aé 0

& 0 0
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;&P?—ﬁ lHR—'(dp—h(zJ)dr)

+EP—~—’[>\(6)1"[dN -N@dn ey

i=1

where dh/0x and 9N;/dx are explained in Appendix B and
h(?) is the expected range-rate measurement evaluated at the
current best estimate of v. N, (&) is for i=1, 2, 3, and 4, the
intensity rate for the first star tracker evaluated with Egs. (11)
and for i =5, 6, 7, and 8, the intensity rate for the second star
tracker. Clearly, through the various coordinate trans-
formations, the N’s will be a function of the thrust un-
certainties € in heliocentric coordinates. The dp and dN,’s are
the differential measurements. That is, dp is the differential in
p in time df and dA; is the number of counts in time d¢ for the
ith cell of the quad detectors.

The covariance P(¢) may be calculated by.use of Eq. (20),
where the partials are discussed in Appendix B.

We obtain
62)\
dP= [P‘Tf+LP +0- EP (‘)
i=]
anT oh 320 N, (€)
—P=— | R IP]dt PP PAEN, (2
ax 1 ax ¢ +,§ ox? AN, @)
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where df/dx may be found in Ref. 1, the dh/dx is in Appendix
B, the second partials are discussed in Appendix B, and

0O 0 0 O

0O 0 0 O
Q=

0 0 gq. O

0 0 0 g,

It may be noted that the equation for the covariance of the
estimation error is a function of the correct measurements.
Thus, it is not possible to solve this equation offline. It is
necessary to solve it with a particular measurement realization
of detector measurements. This is a feature of the count
observables not found in additive noise measurements.

V. Concluding Remarks

The equations developed previously and in the appendices
have been set up to allow one to estimate the state of a ran-
domly disturbed solar electric propulsion spacecraft using a
mixture of two measurement types —those containing additive
white noise and those based on a doubly stochastic Poisson
process. It should be emphasized that the count measurements
are coupled into the state error covariance equations.

Appendix A: Proof of Theorem 1

The proof of this theorem may be accomplished rigorously in a similar manner to Ref. 6. However, a simpler method of
development similar to that in Kushner’ will be used to establish the result. Proceeding, let

Plx() 1Y, 4 101+d1

where Y, =
and Bayes rule may be used to establish that

PN, Ix()1Pldy, | x(£)]1P[x(1) IN,,,, Y]

1=Plx(2)Y,,dy, ,0,,dN,] (A1)

{y(0), t,=o=t}. The property that conditioned an x(¢), the incremental measurements dV, and dY, are independent

Plx(f) 1Y, 1+d1)N/0,1+d1]_ EF’{P[dN[ Ix(t)]P[dy,Ix(t)]} (A2)
Define
- PN, Ix()]1Pldy, |x(1)]
RIAN.dy o dtx (O] = gm0 1Pldy, Tx(0]) (A3)
It is obvious that
Pldy, Ix(¢)]=Cexp{ —1/2dt[dy, — h[x(),de]) TR(¢) ~![dy, — Alx(1),#]dA]}) (A4)
and
P[AN, Ix(t)]= ﬁ N [x(2),f]dN,;dt+ [1— 5: )\,[x(t),t]dt] (1— ﬁ dN,-) (AS)
i=1 i=1 i=1
(See Ref. 13.)
Then Eq. (A3) may be writtén as
q %) [%) 1
- _ TR-! —
) [ z; deH—( 2 )( ; )]exp{ 2dt(dy’ ﬁdt) R-1(dy, hdt)}
R[dN;,dy,,dt,x(t)] = - ] -
{[ dN,-dt+< 2\1 )( dN,-)]exp[—E(dy,—hdt) TR"(dy,—hdt):I} (A6)
Equation (A6) may be written as
(- $ Ndt)T
R= =1 for dN, =0 (A7a)

F [(1 - ’q; )\,-dt> T]
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- NT
R= m fOI'dN,=’yj

where v; is a vector consisting of zeros except for the jth element which contains a one, and where

T=exp{1/2{2dyTR~'h—hT"R ' hdr]}

Thus, R may be written as

(1— ’g)\,dz) (1 - ng,) T
w|(1- gxidt |7]

= & NAN T

~ E[NTI
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(A7b)

(A8)

(A9)

This equation is equivalent to Eq. (A7) for the cases when dN equals zero or one. The limiting case is, in fact, that dNV is equal to

zero or one. For a similar procedure see Ref. 13.
Equation A3 may be expanded in a Taylor series about dy and d¢ equal to zero. This may be written as

RdN,,dy,,dr,x(r)) =R(dN,,0,0,x(t)) + R +Zq: aR R dy,dy, +H.O.T. (A10)
p @ CLXL ) = pOOX ads ‘ 3ay, 2 “ 3dy,ady, IV

The necessary evaluations may be easily established where they have been evaluated at the nominal values, i.e.,

R[dN,,OOx(t)]—-(I—i\:dN) 2)0\ 'dN;, (Al1)
OR [1
= [5Er TRy 4B )\,)—~hTR"h ﬁ N (1—ng> fﬁ{ " EF OMRTR=1h) — hTR‘Ih}dN
i=1

(A12)

=1 -1 i=1 i=1

and

8(315 N [grj(’_lh{_EF[< i:’rjr_lhl’)] (1— idNi>+ {)\ A7 i: k_lh"_)\"x"—ZEFr< 2; ‘Ih >} (A1

sayar = () (Brom) - (Brom)er (e -m)

=1 =1 =1

~(Erom)z (Lrom) - [(Grom) (Lron)]

q 4
+2EF1<Er”"h(>EFr(Erkl )}
- =1

=1

(r-
~NAS (irk?"h()EF’ ()\igru_lh> [ (E

2dN> + 3, NA '(frj['h() (Eq rk[‘Ihl,>
i=1 = =

r.~'h

, )EFz()\ Erk - h)

]
+NEFt (x (E "h() (E rk‘,"hl,))] +2RINEFe (x,. i rj("hg) EFi (x,. E rkf"hl,>}dN,- (Al4)
=1 =7 =1

where rj[" is the j&h element of the inverse matrix, R ~7.
Therefore, one has that

Plx(D)1Y,, 4N q 1= I+NP[x() IY,N,]  (Al5)

where the definition of N is obvious from Eqs. (A2) and
(A10). Rewriting and taking the appropriate limits for the
change due to both dynamics and measurements, since the
change is obviously also due to dynamical changes, the ap-
propriate differential equation is

dP[x(t) |Y,,N,] =P[x(t) |Y,,N,1dt+ AN(1) P[x(t) 1Y,,N,]

In this proof, the terms containing dV,d¢ may be eliminated
by consideration of the change in the probability density at

time ¢z and a time 7z where f; is an interarrival time for the

counts. Terms containing dy;dN; may be eliminated in a
similar fashion.

Appendix B: Calculation of Partials

The range-rate measurement partials may be found in Ref.
1. They are:

oh dp |T 8pT T
—_ 00 0]
ax [ar A I )
where
I 1 _ . I
- )'c—)'cs—g(x—xs)]
oL p
ap If. . ¢
= - y—ys——(y—ys)]
ar oL o
Ir. . o X
- z—zs—g(z—zs)]
L * p i
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with p the range rate and p the range and

(x_xs)/p
Py
v

(z—z)/p

with x, y, z the heliocentric position and x, y, and Z the
velocity components of the vehicle, and X, y,, and z, are the
heliocentric position and velocity components of the tracking
station. The d\;/8x vector will contain only terms d\;/d¢;
where j=x,5,2. In order to calculate this gradient, it is
necessary to express the thrust vector in the star-tracker
coordinate frame using the transformation defined in Eq. (14)
and substitute the components into Eqs. (12) and (13). The 8
then are functions of the ¢;’s. Eliminating the cross terms in
Eq. (11) and using the equation for the 8 in terms of the ¢
yields equations for the intensity rate in terms of the es. The
partials may be then taken. Due to their complexity, they will
not be shown here.

The second partials 92X;/0x? and 32 f\;/dx? may be
similarly taken. It may prove easier to numerically compute
the derivatives than to analytically compute them.
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